We propose a bi-local representation in noncommutative field theory. It provides a simple description for high momentum degrees of freedom. It also shows that the low momentum modes can be well approximated by ordinary local fields. Long range interactions are generated in the effective action for the lower momentum modes after integrating out the high momentum bi-local fields. The low momentum modes can be represented by diagonal blocks in the matrix model picture and the high momentum bi-local fields correspond to off-diagonal blocks. This block-block interaction picture simply reproduces the infrared singular behaviors of nonplanar diagrams in noncommutative field theory.
Introduction
Superstring theory is a leading candidate for the unification of fundamental interactions. As such it is expected to reconcile quantum mechanics and general relativity. As is well known, field theoretic approach to quantize gravity encounters serious difficulties at short distances.
String theory contains the notion of the minimal length (string scale) which is expected to cure such difficulties.
Although the first quantization of string theory is well understood, it is ripe to obtain fully nonperturbative formulation of superstring theory. We have proposed such a formalism as a large N reduced model with the maximal chiral SUSY [1] . It is a finite theory which has a potential to predict the structure of space-time [2] [3] .
Another school of thought which also introduces the minimum length scale advocates to replace Riemannian geometry by noncommutative geometry [4] . Furthermore string theory in noncommutative tori has been studied in [5] .
Remarkably, these various schools of thought have converged recently. We have pointed out that noncommutative Yang-Mills theory is naturally obtained in IIB matrix model by expanding the theory around a noncommutative space-time [6] . We have further studied the Wilson loops. These investigations have shown that the theory contains not only point like field theoretic degrees of freedom but also open string like extended objects [7] . In terms of the matrix representation, the former is close to diagonal and the latter is far off-diagonal degrees of freedom. In string theory these backgrounds are interpreted as D-branes with constant b µν field background [8] . These problems are further studied in [9] [10] .
In this paper, we continue our investigation of noncommutative field theory as twisted reduced models. We have mapped the twisted reduced model onto the noncommutative field theory by expanding the matrices by the momentum eigenstates. In this paper we propose a more natural decomposition rule for the matrices in terms of a bi-local basis.
We show that they corresponds to 'open strings' and we can reproduce quenched reduced models with long 'open strings'. We also show that the diagonal elements represent ordinary plane waves. Noncommutative field theory exhibits crossover at the noncommutative scale.
At large momentum scale, it is identical to large N field theory and the relevant degrees of freedom are described by 'open strings' longer than the noncommutative scale while it reduces to field theory in the opposite limit. We make these statements more precise in this paper. The equivalence to large N field theory at large momentum scale is further supported since we find quenched reduced models in noncommutative field theory. In the low energy limit, we find long range interactions in noncommutative field theory which are absent in the ordinary field theory. We point out that this effect can be simply understood in terms of block-block interactions in the matrix model picture.
Noncommutative field theories as twisted reduced models
In this section, we briefly recapitulate our approach to noncommutative field theory as twisted reduced models. Reduced models are defined by the dimensional reduction of d dimensional gauge theory down to zero dimension (a point) [11] . The application of reduced models to string theory is pioneered in [12] [13] . We consider d dimensional U(n) gauge theory coupled to adjoint matter as an example:
where ψ is a Majorana spinor field. The corresponding reduced model is
Now A µ and ψ are n × n Hermitian matrices and each component of ψ is d-dimensional
Majorana-spinor. IIB matrix model is obtained when d = 10 and ψ is further assumed to be Weyl-spinor as well. Any noncommutative field theory is realized as well in terms of a twisted reduced model by the same mapping rules as below but here we explain the case of the above reduced models of gauge theory. We expand the theory around the following classical solution:
where B µν are c-numbers. We assume the rank of B µν to bed and define its inverse C µν iñ d dimensional subspace. The directions orthogonal to the subspace is called the transverse directions.p µ satisfy the canonical commutation relations and they span thed dimensional phase space. The semiclassical correspondence shows that the volume of the phase space is
We expand A µ =p µ +â µ . We Fourier decomposeâ µ andψ fields aŝ of the unit quantum in phase space is Λd/n = λd where λ is the spacing of the quanta. B is related to λ as B = λ 2 /(2π). Let us assume the topology of the world sheet to be Td in order to determine the distributions of k µ . Then we can formally constructp µ through unitary matrices as γ µ = exp(i2πp µ /Λ). The polynomials of γ µ are the basis of exp(iC µν k µpν ). We can therefore assume that k µ is quantized in the unit of |k min | = λ/n 1/d . The eigenvalues ofp µ are quantized in the unit of Λ/n 2/d = λ/n 1/d . Hence we restrict the range of k µ as
So k runs over n 2 degrees of freedom which coincide with those of n dimensional Hermitian matrices.
We can construct a map from a matrix to a function aŝ
where k · x = k µ x µ . By this construction, we obtain the ⋆ product
The operation T r over matrices can be exactly mapped onto the integration over functions
The twisted reduced model can be shown to be equivalent to noncommutative Yang-Mills by the the following map from matrices onto functionŝ
The following commutator is mapped to the covariant derivative:
We may interpret the newly emerged coordinate space as the semiclassical limit ofx µ = C µνp ν . The space-time translation is realized by the following unitary operator:
Applying the rule eq.(2.8), the bosonic action becomes
In this expression, the indices α, β run overd dimensional world volume directions and ν, ρ over the transverse directions. We have replaced a ν → ϕ ν in the transverse directions. Inside ( ) ⋆ , the products should be understood as ⋆ products and hence commutators do not vanish.
The fermionic action becomes
We therefore find noncommutative U(1) gauge theory.
In order to obtain noncommutative Yang-Mills theory with U(m) gauge group, we consider new classical solutions which are obtained by replacing each element ofp µ by the m×m unit matrix:p
We require N = mn dimensional matrices for this construction. The fluctuations around this backgroundâ andψ can be Fourier decomposed in the analogous way as in eq.(2.4) with
once we use ⋆ product. Applying our rule (2.8) to the action in this case, we obtaiñ
where tr denotes taking trace over m dimensional subspace. The Yang-Mills coupling is found to be g
. Therefore it will decrease if the density of quanta in phase space decreases with fixed g 2 .
The Hermitian models are invariant under the unitary transformation:
As we shall see, the gauge symmetry can be embedded in the U(N) symmetry. We expand U = exp(iλ) and parameterizê
Under the infinitesimal gauge transformation, we find the fluctuations around the fixed background transform asâ
We can map these transformations onto the gauge transformation in noncommutative YangMills by our rule eq.(2.8):
(2.17)
3 Bi-local field representations
We have constructed our mapping rule eq.(2.8) by expanding matrices in terms of the wave functions exp(ik ·x). It is the eigenstate of the adjointP µ with the eigenvalue of k µ . With the n × n matrix regularization, the momenta k µ are quantized with a unit 
Operator -bi-local field mapping
In order to make these statements more transparent, we consider another representation of matrices in this section. For simplicity we consider the two dimensional case first:
where C is positive. This commutation relation is realized by the guiding center coordinates of the two dimensional system of electrons in magnetic field. The generalizations to arbitrary evend dimensions are straightforward. We recall that we have n quanta with n dimensional matrices. Each quantum occupies the space-time volume of 2πC. We may consider a square von Neumann lattice with the lattice spacing l N C where l 2 N C = 2πC. This spacing l N C gives the noncommutative scale. Let us denote the most localized state centered at the origin by |0 . It is annihilated by the operatorx − =x − iŷ. We construct states localized around each lattice site by utilizing translation operators |x i = exp(−ix i ·p)|0 . They are the coherent states on a von Neumann lattice x i = l N C (n i e x + m i e y ) where n, m ∈ Z. They are complete but non-orthogonal. In the case of higher dimensionsd, we introducê
where a = 1, · · · ,d/2 and define the states |x i accordingly. In the following, we set
The basic identity in this section is
Using this identity, we indeed find
Although |x i are non-orthogonal, x i |x j exponentially vanishes when (x i − x j ) 2 gets large.
We note that the following wave functions of the two dimensional system of free electrons in the lowest Landau level are exponentially localized around x i :
Completeness of the basis leads to the resolution of unity
and the trace of an operatorÔ is given by
We also find
where
This matrix element sharply peaks at x i − x j = d. It supports our interpretation that the eigenstate exp(ik ·x) with |k µ | > λ can be interpreted as string like extended objects whose length is |C µν k ν |. When |k µ | < λ, on the other hand, this matrix becomes close to diagonal whose matrix elements go like
It again supports our interpretation that exp(ik ·x) correspond to the ordinary plane waves when |k µ | < λ. They are represented by the matrices which are close to diagonal.
We now propose the bi-local field representation of noncommutative field theories. We may expand matricesφ in the twisted reduced model by the following bi-local basis as follows:
where the Hermiticity ofφ implies φ * (x j , x i ) = φ(x i , x j ). The matricesφ representâ µ orψ in the super Yang-Mills case but the setting here is more generally applied to an arbitrary noncommutative field theory. The bi-local basis spans the whole n 2 degrees of freedom of matrices. The product of two operators is also given aŝ
and therefore
The trace of operatorsÔ 1 · · ·Ô s in the bi-local basis is
Here we work out the translation rule between the momentum eigenstate representation φ = kφ (k)exp(ik ·x) and the bi-local field representation of eq.(3.10):
where The adjoint P 2 acts onφ as
The kinetic term of bosonic fields is of the form −T r((P µφ ) 2 ) = T r(φP 2φ ) and is evaluated in this basis as
where we have used the property of the coherent basisx −a |x i >= x −a i |x i >. Here we decompose ρ ij by inserting the identity constructed by the orthogonal basis:
An explicit construction of orthogonal localized wave functions w m i n i (x) =< x|x i } is carried out in the two dimensional case [14] . They have a nearly Gaussian shape up to the radius r < l N C from the center. Outside this region, it is small, oscillates, and falls off with r −2 .
The remarkable property of the asymptotic form is that it vanishes on the von Neumann lattice. It implies that < x i |x j } vanish for large |x i − x j | very rapidly. Then eq.(3.16) can be rewritten for large
In this derivation, we have used the fact that {x n |x i > are supported only for small |x n − x i |.
The kinetic term is diagonal for large |x i − x j | and we read off the propagator of the
Long bi-local fields are thus interpreted to be far off-shell. It may be reinterpreted as
it is more appropriate to use the momentum eigenstate representation and we can obtain the standard propagator in that way.
We next consider three point vertices. Let us first consider the simplest three point vertex:
We can similarly obtain higher point vertices as well:
In this way, we make contact with the quenched reduced models [11] in the large momentum region. In quenched reduced models, the eigenvalues of matrices are identified with momenta.
Therefore we have found that the large momentum behavior of twisted reduced models is identical to quenched reduced models. In this correspondence, the relative distance of the two ends of 'open string' in twisted reduced model is related to the momentum in quenched reduced model by the relationp µ = B µνx ν .
Perturbations
Perturbative behaviors of noncommutative field theories have been investigated [15, 16, 17, 18, 19, 20, 21] . In particular, it was pointed out that the effective action exhibits infrared singular behaviors due to the nonplanar diagrams [19, 21] . We now look at the perturbation of the noncommutative field theories in the bi-local basis. Let us consider the φ 3 theory as a simple example. The matrix model action is given by
In the large momentum region, the propagator and vertex are given by (3.20) and (3.22) . In the one-loop approximation, there are two types of diagrams. 
This diagram corresponds to the following planar diagram amplitude in the conventional perturbative expansion of noncommutative field theories:
(3.26)
As originally proved in [22] , noncommutative phases which can be assigned to the propagators are canceled in planar diagrams and the amplitudes of such graphs are the same as the commutative cases except for the phase factors which only depend on the external momenta. Ind-dimensions, the integral (3.26) is UV divergent as Λd −4 where Λ is the ultraviolet cutoff.
In the bi-local representation (3.25), the summation is also divergent but it originates from the infrared extension of the von Neumann lattice. It is reminiscent of the tadpole divergences in string theory. However this analogy requires more work to substantiate it. For example, we may be able to work out a direct world sheet interpretation of the bi-local propagators. 
This type of interactions have been well known as the block-block interactions in the matrix models [1] . In the conventional picture of noncommutative φ 3 theory, this diagram provides j i the following nonplanar one-loop correction to the propagator.
It is very specific to noncommutative field theory since it exhibits infrared singular behaviors for small p.
A physically intuitive argument which relates the nonplanar amplitude in the bi-local basis (3.27) and the conventional nonplanar amplitude (3.28) is given as follows:
If we rewrite k µ = B µν d ν , this has the same expression as eq.(3.28). Here we also recall that the momentum lattice {k µ } has finer resolutions than the von Neumann lattice {d µ }. 
Interactions between diagonal blocks
In this section, we investigate the renormalization property of noncommutative field theory. After integrating long 'open strings', we obtain long range interactions. This phenomena appear as nonplanar contributions in noncommutative field theory [19] . We show that it can be simply understood as block-block interactions in the matrix model picture.
Noncommutative φ 3
We consider a noncommutative φ 3 field theory as a simple example. The matrix model action is given by (3.24) . Following the same procedure as in eqs. (2.5 -2.8), we can obtain a noncommutative U(m) φ 3 field theory:
Here tr means a trace over (m × m) matrices and λ
We consider a group of backgrounds φ (i) . We assume that the corresponding functions φ (i) (x) are localized and well separated. φ (i) can be specified by its Fourier components
We further assume thatφ (i) (k) is only supported for |k| << λ which implies the much larger localization scale than the noncommutativity scale. This condition means that the background in the bi-local representation φ (i) (x, y) is almost diagonal. We hence expect that the following representation is accurate :
The background is assumed to be localized around x = d (i) . In this section we obtain the effective action for these backgrounds by integrating over the off-diagonal components of the bi-local field, that is, the higher momentum fields.
The assumption of no overlap imposes certain conditions onφ (i) (k). The commutators
are mapped in our mapping rule as follows:
Then we can see that φ (i) and φ (j) are commutative to each other from eq.(4.4). Therefore they can be represented by a block diagonal form as follows:
. . .
vanishes for well separated wave-packets, [p µ , φ (i) ] are also of the block diagonal form as in eq.(4.5). This fact in turn implies thatp µ can be represented in the same block diagonal form when it acts on these backgrounds:
Here p (i) µ denotes the projection ofp µ onto the subspace specified by φ (i) .p µ can be represented as the block diagonal form since we have projected it onto the subspace where the backgrounds φ (i) are supported.
We now calculate the one-loop effective action between diagonal blocks in order to investigate the renormalization property of noncommutative field theory. We may further decompose p
ν is a c number representing the center of mass coordinate of the i-th block. Here we assume that the blocks are separated far enough from each other, that is, for all i and
2 's are larger than the localization scale of each block.
We first recall some notations which are introduced in [1] . We denote the (i, j) block of a matrix X as X (i,j) . It is clear that P µ = [p µ , ] operates on each X (i,j) independently. In fact we have
In the bi-local basis developed in the previous section, (i, j) block of a matrix X (i,j) may correspond to a collections of bi-local fields which connect the i-th and j-th diagonal blocks.
We further simplify this equation by introducing notations such as
Lµ and P
(i,j)
Rµ commute each other, and the operation of P µ on X (i,j) is expressed as
We can also decompose the action ofφ cl onto X (i,j) , which should be made symmetric between the right and the left multiplications for Hermiticity, in the same way as (4.10):
Since the left and right multiplication are totally independent, we have
T rO
for operators consisting of P µ and Φ. Here T r denotes the trace of the operators which act on the matrices.
The one loop effective action is
Now we expand the expression of the one-loop effective action with respect to the inverse power of d
µ 's. We drop the linear term in the background fields since we adopt the background field method which has no ambiguity in this case unlike the gauge fixing ambiguity in gauge theory. We have,
Since as in (4.10) and (4.11) P µ and Φ act on the (i, j) blocks independently, the oneloop effective action W is expressed as the sum of contributions of the (i, j) blocks W (i,j) .
Therefore we may consider W (i,j) as the interaction between the i-th and j-th blocks. Using (4.13) and (4.15) we can easily evaluate W (i,j) to the leading order of 1/ (
The third term in the above expression can be interpreted as the signature for the existence of massless particles corresponding to a scalar in six dimensions.
A more conventional approach to calculate T r is to use the plane-wave basis exp(ik ·x).
It corresponds to a standard one loop calculation in noncommutative φ 3 :
Here we find the both planar and nonplanar contributions. The latter contains the nontrivial phase factor exp(iC µν k µ l ν ).
We evaluate the nonplanar contributions:
Whend > 4, the above integral is evaluated as
We therefore find the nonplanar contribution:
where we have used the identity:
We also note that our convention is
We observe that eq.(4.20) can be identified with the last term of eq.(4.16) since it can be reexpressed as follows due to our mapping rule eq.(2.8):
(4.23)
Here we have replaced the trace over the localized classical background φ i by the integration over the space-time coordinates in the neighborhood of the wave packet. By integrating over the entire space-time, we also sum over different localized blocks. Since we are only considering the interactions of the well separated backgrounds, the above formula is only valid in the low momentum region. What we have found here is that the nonplanar contributions which give rise to the long range interactions can be identified with those from off-diagonal components in matrix models. We can simply reproduce it by considering block-block interactions. These are distinguished features of noncommutative field theory which are absent in field theory.
Noncommutative φ 4
We consider noncommutative φ 4 theory next
µ 's. We have,
We can easily evaluate W (i,j) to the leading order of 1/ (
We find the exchanges of massless particles corresponding to a scalar in four dimensions.
We also evaluate the leading term of the effective action by using the plane-wave basis exp(ik ·x).
Here we also find the both planar and nonplanar contributions.
Whend > 2, the above integral is evaluated as
(4.32)
We observe that eq.(4.31) can be identified with the last term of eq.(4.27) since it can be reexpressed as follows due to our mapping rule:
(4.33)
Block-block interactions in gauge theory
In the previous section we have seen that the long range block-block interactions are induced in the effective action for the slowly varying fields of noncommutative scalar theories after integrating out the off-diagonal components. They correspond to nonplanar diagrams which carry nontrivial phase factors.
These are the familiar interactions in matrix models and indeed in IIB matrix model they are interpreted as massless particle propagations [1] . There is a conceptual difference, however, between scalar theory and gauge theory. In scalar theory we must introduce extra matricesp µ to represent the noncommutative space-time. In reduced models of gauge theory, they are considered as special backgrounds of the dynamical variables (A µ =p µ +â µ ). The block-block interactions in reduced models of gauge theory such as type IIB matrix model are universal and not restricted to specific backgroundsp µ which define the twisted reduced models. Actually the original calculation of such interactions in [1] does not assume any specific conditions for backgrounds. We have obtained the long range interactions which decay as 1/r 8 . It does not depend whether we assume uniform distributions of the matrix eigenvalues in ten dimensions or in lower dimensions such as four as is discussed in this section. These long range interactions are interpreted as propagations of the massless type IIB supergravity multiplets and this fact can be considered as one of the evidences that IIB matrix model contains gravity.
In this section we reexamine the block-block interactions of D-instantons in IIB matrix model [6] . There we have considered the backgrounds which represent four dimensional noncommutative space-time. By expanding IIB matrix model around such backgrounds, we obtain four dimensional noncommutative Yang-Mills theory. There are nontrivial classical solutions in this theory which reduce to instantons in the large instanton size limit [24] .
We have considered a classical solution of IIB matrix model which represents an instanton and an (anti)instanton. We can realize U(4) gauge theory by considering four D3 branes.
We embed an instanton into the first SU(2) part and the other (anti)instanton into the remaining SU(2) part. We separate them in the fifth dimension by the distance b:
where ρ = 5, · · · , 9.
While two instanton system receives no quantum corrections, the instanton -anti-instanton system receives quantum corrections since it is no longer BPS. We have evaluated the one loop effective potential due to an instanton and (anti)instanton. They are local excitations and couple to gravity. These solutions are characterized by the adjoint field strength F µν which does not vanish at the locations of the instantons. We assume that they are separated by a long distance compared to their sizes. We also assume that b >> l N C . Then we can choose two disjoint blocks in each of which a large part of an (anti)instanton is contained.
Let the location and the size of the two instantons (x i , ρ i ) and (x j , ρ j ). 4 The ten dimensional distance of them is r 2 = (
Here we have assumed that r >> ρ.
The one-loop effective action of IIB matrix model is
Here P µ and F µν are operators acting on the space of matrices as µ 's just like the preceding section. We can take traces of the γ matrices after expanding the logarithm in (5.2). Due to the supersymmetry, contributions of bosons and fermions cancel each other to the third order in F µν , and we have,
Since as in (4.10) and (4.11) P µ and F µν act on the (i, j) blocks independently, the oneloop effective action W is expressed as the sum of contributions of the (i, j) blocks W (i,j) .
Therefore we may consider W (i,j) as the interaction between the i-th and j-th blocks.
Using (4.13) and (5.4) we can easily evaluate W (i,j) to the leading order of 1/ (
wheref µν = ǫ µνρσ f ρσ /2 and
In eq.(5.5), we have kept axion type interactions also. Note that theb 8 (f ) = 0 for an (anti)instanton configuration. So the potential between an instanton and an (anti)instanton is 3
Here we can apply the low energy approximation such as
where D i µ denotes the covariant derivative of the instanton background which is localized at the i-th block. So the interactions eq.(5.7) can be interpreted due to the exchange of dilaton, axion and graviton. We have found that the potential between two instantons vanish due to their BPS nature. On the other hand, the following potential is found between an instanton and an anti-instanton
There is no reason to believe the above approximation when b < l N C . In this case the interactions between an instanton and an anti-instanton is well described by the gauge fields which are low energy modes of IIB matrix model. They are close to diagonal degrees of freedom in IIB matrix model. Their contribution can be estimated by gauge theory. The one loop effective potential can be calculated by gauge theory certainly when b << l N C
where we have assumed bρ >> C. The above expression is estimated as follows:
where r = |y − z| is assumed to be much larger than ρ. We note that eq.(5.11) falls off with the identical power for large r with eq.(5.9). On the other hand when b >> l N C , the standard gauge theory description is no longer valid since we have to take account of the noncommutativity. In fact we have argued that the block-block interaction gives us the correct result. The purpose of this section is to underscore these arguments and explain that the contributions of nonplanar diagrams in noncommutative gauge theory indeed reproduce the block-block interactions. We also provide a more accurate estimate of the crossover scale.
For this purpose, we evaluate the leading term of the effective action by using the planewave basis exp(ik ·x) just like the preceding section.
The above expression is calculated as follows: On the other hand, we can neglect the phase factor exp(iC µν k µ l ν ) when b < ρ. With this approximation, we obtain: In this way, we reproduce the ordinary gauge theory result eq.(5.11).
Conclusions
In this paper we have proposed a bi-local field representation of noncommutative field theories. In the momentum eigenstate representation, the momenta of fields can become much larger than the noncommutative scale l N C . However we can no longer regard these large momentum degrees of freedom as ordinary local fields since the wave functions become noncommutative. Due to the noncommutativity of space-time, the wave functions with large momenta are more naturally interpreted as translation operators and hence those degrees of freedom are interpreted as bi-local fields. In the n × n matrix reguralization of noncommutative field theories, there are n 2 degrees of freedom and this number is much larger than n which is the degrees of freedom of ordinary local field with UV cutoff l −1 N C . This implies that noncommutative field theories contain infinitely many particles. It is interesting to investigate the possibility that these infinite degrees of freedom may pile up to strings.
5
We have also calculated long range interactions in noncommutative field theories. In the conventional approach, they manifest as IR singular behaviors of nonplanar diagrams. We have seen that this feature can be naturally understood in terms of block-block interactions in the matrix model picture. This type of interactions are characteristic to matrix models, not restricted to twisted reduced models which are directly related to noncommutative field theories. In the case of type IIB matrix model, we have shown This point demonstrate the richness of matrix models over the corresponding field theories 5 see also [25] and it is one of advantages to consider IIB matrix model as a constructive formulation of superstring.
